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Evolution towards high energy

@ 2 scales:

> sizer (~1/Q)
> energy (~ 1/x)

InQ;(Y)=AY @ 2 evolutions

Y =In1/x

» DGLAP: small r
» BFKL/BK/JIMWLK/
saturation: high energy

Dilute system

Many features qualitatively described
DeLAR by saturation physics

How quantitative can we make that
statement?
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Evolution towards high energy

Standard picture for “partons in the @ 2 scales:

proton” > sizer (~1/Q)
> energy (~ 1/x)
InQA(Y)=AY @ 2 evolutions

Y =In1/x

» DGLAP: small r
» BFKL/BK/JIMWLK/
saturation: high energy

Dilute system

BFKL
I Many features qualitatively described
DeLAR by saturation physics
_ . How quantitative can we make that
" Aaco na statement?
Do (as much as you can) from first-principles QCD )
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Balitsky-Kovchegov equation (LO)
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Balitsky-Kovchegov equation (LO)
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Balitsky-Kovchegov equation (LO)
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Balitsky-Kovchegov equation (LO)

Il
¥-4F - A
XN

IyS(x,y;Y) = /d2z§[—5/\/lxyZ [S(x,z; Y)S(z,y; Y) — S(x,y; Y)]
T

 (x—y)?
Mez = =202z — y)?
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LO evolution of the dipole amplitude

Work with T=1-§

0 I T T T T
107 (@) LO
10t |
102 |
S 103k @ Saturation for large dipoles
= i ooy ” . .
S oL o “dilute” tail for small dipoles
st $;2 @ saturation scale Qs(Y)
3 Y=8 increasing with Y
108 F — v=12
I Y=16
10—7 L | | | |
5 0 5 10 15 20 25
L=log(1/r?)
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Description of the HERA data

\ Fit including heavy quarks \ [AAMQS, 10]
150 Q?=0.85GeV?  mData £ Q%=2.0GeV? E . . .
3 * Theory @ include running-coupling

0}05;' ws . . 3 ‘lllll- a
e T @ (several) Fits of S to
15 =4. e = =0. e
L e Taa, HERA data
E ...-l. .'ll

M osk

@ reasonable description

15 Q%=10.0 GeV? - Q%=12.0 GeV?

| §%a, Cay 3 e predictions for diffraction
£ u g E
o, " . .
" ost " 3 e predictions for (fwd)
1sE Q2=15.OG'62/2 - Q=280 Gy’ E particle production in pA
£ L™ LI E
1? l... I-. E )
Tost " 3 @ not easy to include
155 QU=35GeV’ vy T Q=a5Gev’  w heavy flavour
pa " e "
Or .k e " @ parameters not always
107 107 10° x 107 107 10° x 107 natural
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BK evolution at NLO

[Balitsky, Chirilli, 2008; Kovner, Lublinski, Mullian, 2013]

Compute next-to-leading-log(Y') corrections to the evolution:

Qs

Dy Sey(Y) = g‘—;/vl ® S(Y) + (27r

2

> Mpnro ® S(Y)
o LO: allog"(Y) (leading log)

o NLO: allog"(Y) (next-to-leading log)

@ includes

> terms of the same form as LO
> terms involving 2-gluon emissions
> running-coupling corrections
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Instabilities of NLO BK

10° (b) NLO 3

5=0.25

(a)LO 7

107

T(L,Y)
T(L,Y)
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o Clear instability (T goes negative)

@ See also work by T.Lappi and H.Mantysaari

@ Known issue in BFKL as well
[Ciafaloni,Colferai,Salam,Statso; Altarelli,Forte,Ball]
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A problematic term

Go back to the BK equation at NLO:

2 y)z

Qs Qs (x — 2) (z— B
Oy Sxy(Y) = o /zMxyZ [1 o log x—y? log = y)2] (SXZSZy Sxy)

+ other terms

Issue: if [x — y| < 1/Qs, the [...] term goes negative for
x—yl < |x—z|=[z—-y| <1/Qs
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A problematic term

Go back to the BK equation at NLO:

& Qs x — z)?2 z—y)?
8YSXY == /MXYZ [ " log (x )2 (X y) ] (szszy - SXY)

+ other terms

Issue: if [x — y| < 1/Qs, the [...] term goes negative for
x—yl < |x—z|=[z—-y| <1/Qs

consider the “double-logarithmic approximation” (DLA):
Y, p=log(1/(x — y)*@3) = log(1/r*@3) both large
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Naive Double-logarithmic approximation

O T (V)= 52 [ gy (V) + ToY) = Tig(¥)

Double-log limit: (x — y)2Q§ < 1,
er=x—yl<z=z—x|=|z-y| < 1/Q
o simplify kernel: Myy, ~ r?/z*

o simplify amplitude: Ty (Y) = r?Q3 A(z,Y)

@ logarithmic phase-space for contribution from larger dipoles

Y 1/Q5 ¢z2
= A(I’, Y) = A(I’, O) + / dY]_/ ?A(Z, Y]_)
0 r2

= calYp)"  with p=log(1/r*Q3)
n=0

Grégory Soyez (IPhT, CEA Saclay) Towards predictive BK evolution GDR QCD - June 2017



Full DLA structure

We get the following structure at DLA (two powers of p or Y for each &s):

as(pY)

az(py)? | az(pY)(p?)

a(pY)* | apY)?(n*)  a(pY)(p?)?

as(pY)*| as(pY ) () as(pY)*(p*)?  ac(pY)(p®)?
LL

BFKL/BK
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Full DLA structure

We get the following structure at DLA (two powers of p or Y for each &s):

as(pY)
az(pY ) || @(pY)(p?)

az(pY )P ||a@2(pY (0| a(pY)(p?)?

as(pY ) ||as(pY ) ()| as(pY)?(0?)?  as(pY)(p*)

LL NLL
BFKL/BK BFKL/BK
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Full DLA structure

We get the following structure at DLA (two powers of p or Y for each &s):

as(pY)

az(pY ) || @(pY)(p?)

aAB(pY P a2y )2 ()] | a2(pY)(p?)?

as(pY) |ad(pY ()] |as(pY )2 (p?)?  ai(pY)(p?)?
LL NLL missing DLA

BFKL/BK BFKL/BK in NLL BFKL/BK
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Full DLA structure

We get the following structure at DLA (two powers of p or Y for each &s)

as(pY)

az(pY ) || @(pY)(p?)

aAB(pY P a2y )2 ()] | a2(pY)(p?)?

as(pY) |ad(pY ()] |as(pY )2 (p?)?  ai(pY)(p?)?
LL NLL missing DLA

BFKL/BK BFKL/BK in NLL BFKL/BK

Need for further resummation
of transverse logarithms
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Following plan

@ Known and solved in BFKL since 10-15 years (in Mellin space)

@ We look for

> a solution working with saturation
> a “diagrammatic” interpretation

@ Our next steps

» DLA < Time-ordering
» New DLA evolution equation
> Improved BK equation

Grégory Soyez (IPhT, CEA Saclay)
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Refined DLA and time-ordering

tq ] to M

xT
wrl|  Zop W
P u, p- k

() (b)

@ first emission: gluon p (momentum p™, coordinate u)
@ second emission: gluon k (momentum k* < p*, coordinate z)

or=x—y/l<Ku=|x—ulrly-u/<Kz=z—x ~|z-y| = |z—u

(B[ e
27 q+ K+ zu p—|—k_

0

(a) contains
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Refined DLA and time-ordering

tq ] to M

xT
wrl|  Zop W
P u, p- k

() (b)

@ first emission: gluon p (momentum p™, coordinate u)
@ second emission: gluon k (momentum k* < p*, coordinate z)

or=x—y/l<Ku=|x—ulrly-u/<Kz=z—x ~|z-y| = |z—u

@) [l w L
2w al K+ 2u Jpk Tk+7'p

with 7, = 1/p~ = p*/p?, the lifetime of gluon p

(a) contains
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Refined DLA and time-ordering

tq ] to M

xT
wrl|  Zop W
P u, p- k

() (b)

@ first emission: gluon p (momentum p™, coordinate u)
@ second emission: gluon k (momentum k* < p*, coordinate z)
or=x—y/l<Ku=|x—ulrly-u/<Kz=z—x ~|z-y| = |z—u

(a) contains

s\ (9 dkt (9 dpt
<%> / / P / / Tk < Tp)
27 Lo kt zu J pk

0

with 7, = 1/p~ = p*/p?, the lifetime of gluon p
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Refined DLA and time-ordering

tq ] to M

xT
wrl|  Zop W
P u, p- k

() (b)

@ first emission: gluon p (momentum p™, coordinate u)
@ second emission: gluon k (momentum k* < p*, coordinate z)

or=x—y/l<Ku=|x—ulrly-u/<Kz=z—x ~|z-y| = |z—u

) [ [

with 7, = 1/p~ = p*u?, the lifetime of gluon p

(a) contains
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Refined DLA and time-ordering

tq ] to M

xT
wrl|  Zop W
P u, p- k

() (b)

@ first emission: gluon p (momentum p™, coordinate u)
@ second emission: gluon k (momentum k* < p*, coordinate z)
or=x—y/l<Ku=|x—ulrly-u/<Kz=z—x ~|z-y| = |z—u

Sum of all “real” time-ordered p emissions

< >/q+dk+/kq+dp /@(k+z < ptud)

(Mxyu Muyz qu Suz Szy + Mxyquuz sz Suz Suy)
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Refined DLA and time-ordering

tq ] to M

xT
wrl|  Zop W
P u, p- k

(w) (b)
@ first emission: gluon p (momentum p™, coordinate u)
@ second emission: gluon k (momentum k* < p*, coordinate z)
or=x—y/l<Ku=|x—ulrly-u/<Kz=z—x ~|z-y| = |z—u
Other real emissions: the sum vanish
Virtual: insert 1 = ©(kT2% < ptu?) + ©(kT22 > ptu?)
Anti-time-ordered vanish, time-ordered give

7.\2 9" dk+
_ <%> / dk / / Ok 2% < p ) MyyuMoye SezSuy
2n ) Jay ket
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Refined DLA and time-ordering

z
p 00005 v 7P W

k u, pt z, k i
,66!5%'556 z, kT kéé@

1 L J

(a) (b)

@ first emission: gluon p (momentum p™, coordinate u)
@ second emission: gluon k (momentum k* < p*, coordinate z)

or=x—y/l<Ku=|x—ulrly-u/<Kz=z—x ~|z-y| = |z—u

In the end: one needs to impose time-ordering

O(kTz < ptu)
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Refined DLA and time-ordering

tq ] to M

xT
wrl|  Zop W
P u, p- k

() (b)

@ first emission: gluon p (momentum p™, coordinate u)
@ second emission: gluon k (momentum k* < p*, coordinate z)
or=x—y/l<Ku=|x—ulrly-u/<Kz=z—x ~|z-y| = |z—u

Imposing the ordering we get

(B[40 Low i
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Refined DLA and time-ordering

tq ] to M

T
wrl|  Zop W
P u, pt k

() (b)

@ first emission: gluon p (momentum p™, coordinate u)
@ second emission: gluon k (momentum k* < p*, coordinate z)
or=x—y/l<Ku=|x—ulrly-u/<Kz=z—x ~|z-y| = |z—u

Imposing the ordering we get

<§_;>2/% dk+/z4[/r2 w? /kj;/U)) P*]T()
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Refined DLA and time-ordering

tq ] to M

xT
wrl|  Zop W
P u, p- k

() (b)

@ first emission: gluon p (momentum p™, coordinate u)
@ second emission: gluon k (momentum k* < p*, coordinate z)
or=x—y/l<Ku=|x—ulrly-u/<Kz=z—x ~|z-y| = |z—u

Imposing the ordering we get

(B[ % [Sleon astime

NLL

coming from the transverse phase-space opening up!
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Take-home message

Time-ordering from the
“Feynman graphs”

J(—> double-logs )
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Emission to DLA accuracy

Imposing time ordering gives:

1/Q? qt(r/z)? k+
A(r,q) = A(r,0) + / oz / Az k)
q

Z2

or
p Y+pi—p
A(p,Y) = Alp,0) +/ dﬂl/ dY1 A(p1, Y1)
0 0
=> cl(Y = p)p]”
n=0
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Emission to DLA accuracy

Imposing time ordering gives:

1/Q? qt(r/z)? K+
Ay = A0+ [ [T )
q

Z2

or
p Y+pi—p
A(p,Y) = Alp,0) +/ dﬂl/ dY1 A(p1, Y1)
0 0
=> cl(Y = p)p]”
n=0

Interpretation: reduced rapidity phase-space for large transverse gaps
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Emission to DLA accuracy

Imposing time ordering gives:

1/Q? qt(r/z)? K+
Ay = A0+ [ [T )
q

Z2

.A(p, Y) = A(p,O) + /(;p dp1 /()Y+p1_p dYi .A(pl, Yl)
=> cl(Y = p)p]”
n=0

Interpretation: reduced rapidity phase-space for large transverse gaps

Issue: non-local in rapidity [i.e. not simply Oy A = ..]
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Locality in rapidity: solution in Mellin space

Solve for the “Green" function: A(p, Y) = f(p, Y) with (p,0) = d(p).
For Y > p, we find

@ Resummed kernel

[—(1=7)+1/(1 —7)? + 4as] = 10257_ ¢ i_‘s’y)3+...

@ Jacobian J(y) — resummed impact factor

N —

XDLA(’Y) =

@ guarantees that f satisfies a local equation in Y
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Local resummed evolution

Going back to coordinate space, we find, still for Y > p

- Y P
f(p,Y)=f(p,0) +/ le/ dp1Kpra(p — p1)f(p1, Y1),
0 0
with the resummed kernel

J1(2+/asp? asp? asp®)?
KDLA(p):uwl— p+( p)—|—...

Va2 2 12

o Initial condition f includes resummation of “J"

@ similar equation (with the same kernel) for A.
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Extension to BK evolution

Can be straightforwardly generalised to BK:
@ Work with the dipole amplitude T = e ?A
@ use transverse coordinates: p — log(1/Q3r?), T(Y,p) — Txy(Y), ...
o restore the full kernel: (r?/z*)dz? — Myy,d?z

@ replace the argument of Kppa:

(x—27, (zy)
(x—y? Bxy)

p—p1— log(%/r?) — \/log
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Improved BK evolution

Collinearly-improved BK evolution:

Qs
aY Txy - % / dzzMxszCDLA(L) [sz + sz - Txy]a
Ji(2vaslL
Kpia(L) = h(2vast)

Va2
L: \/|og (x=2)2 (z—y)

(x—y)? “(x—y)
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Running coupling and single logarithms

[Not discussed in details here]
There are other possibly-large corrections:

@ Single transverse logarithms

> can be extracted from the double integration in NLO BK
> related to "hard” splittings

» collinear and “anti-" collinear

> can be (partially) resummed

@ running-coupling corrections: different prescriptions

> Balitsky
> smallest dipole _
» ‘“fastest apparent convergence”: absorb all the G2b terms in NLO BK

Once these have been properly resummed the remaining
O (a2) corrections are a genuine small (NLO) correction
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Stabilised evolution

[IMMST,15]
(V) I— 0 T T ] 0 T T T ]
10 10 (b) NLO 10 (c) NLO+resum
10t | 10t | 5=0.25 107 5=0.25 ]
102 | 102 | E 102 | E
S 107 E S 100 F E S 10% F E
5 5 5
F 104 L F 104 L 1 F 104 F 1
105 F T 10° F E 105F T E
100 F —— 10° | 1 100 F —— 1
10'7 Il 10'7 Il 10'7 Il
-5 0 -5 0 10 15 20 25 -5 0 5 10 15 20 25
L=log(1/r%) L=log(1/r%) L=log(1/r%)
Evolution clearly stabilised ]
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Evolution speed

speed, 6,=0.25
1.2

T T T
LO

i [IMMST,15]

2(vypdy

dlog[Q

0 5 10 15 20
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Evolution speed

speed, 6,=0.25

[IMMST,15]
@ unstable at NLO
5
>
N »n

dlog[Q
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Evolution speed

speed, 6,=0.25

[IMMST,15]
N @ unstable at NLO
= @ DLA-resum stabilised
>-
NN

dlog[Q
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Evolution speed

speed, B,=0.72, smallest

0.35 | | |
LO
03 [ -
0.95 DLA resum =
>
2
S 0.2 N
Ee
& 015 .
°
©
0.1 .
0.05 - —
0 1 1 1
0 5 10 15 20

[IMMST,15]

@ unstable at NLO
@ DLA-resum stabilised

@ with running-coupling

@ slower than LO
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Evolution speed

speed, B,=0.72, smallest
0.35 T | |
LO
03 | - [IMMST,15]

unstable at NLO
DLA-resum stabilised

0.95 DLA resum =

DLA+S

))dY

°

0.2 = °
G 015 / | o with running-coupling
S @ slower than LO
©

0.1 1 @ single-logs also matter

0.05 b

0 | | |
0 5 10 15 20
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Evolution speed

(O,N)/N

e &6 6 ¢ ¢ ¢

[IMMST,15]

unstable at NLO
DLA-resum stabilised
with running-coupling
slower than LO

single-logs also matter

remaining NLO
corrections are small

[Lappi,Méntysaari,16]
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What about describing HERA data? |
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Improved BK vs. data

@ Setup: (variations tested)

>

vVvyvy vy

Evolution: LO 4 resummed double logs + resummed single logs
Running coupling: smallest dipole or “fac”

Quark masses: m, 45 = 100 MeV, m. = 1.3 GeV

Fit &,, check F; and &%)

x < 0.01, Q% < 50 GeV

Various initial conditions including

e =i (Baanfi o (E3)])])

@ Main observations:

>
>

Overall good x? (~ 1.1 —1.2)
Parameters take acceptable values
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Improved BK vs. data

1.1
1.05

0.95
0.9
1.1

1.05

0.95
0.9

0.95
0.9

Y
4 =

o
& - &

woo 20002 ©
LEE 8RB

coo

owards predictive BK evolution

[y 0.0450.065 T 0.085 T 01T 0.15
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X X X X
FIT™ s T 12T 1 st 2 27
Y a5 a5 | ] 65| o 85| 10 |
10° 10* 102 10° 10* 10% 10° 10* 10% 10° 10* 10%
X X X X
I T RN T8 P T a7
r " o + » — 2 = 4
3 35 45 L s HERA data x A
3 - ©- smal,DL+SL 113 0.20
3 —e— fac, DL+SL 123 024
r - - small, DL 109 018
r —— fac, DL 143 020
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Conclusions and perspectives

@ Take-home message(s):
» “raw” (LO,NLO,...) BK unstable due to large transverse logs
» Resumming these logs = improved BK
First predictive version of BK
» DLA resummation < time ordering
» Nice description of HERA data

@ Open questions:
@ Include finite NLO corrections
@ Fourier transform < particle production?
© NLO+resummation for impact factors?
@ Uncertainties?
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Backup
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Saturation scale

T —TT— —r— —XTX X X X X]
x data XX X X X X X
- = - GBW,small )oo<x::§::
I —— GBW,fac XX X X X X X X ]
- = - rcMV,small xxxx::::§::
10" F rcMV fac XX XX XXX _ X
3 KX X X X XX xX ]
[ MKX X X X X X X X ]
— [ WK X X X X X XX X ]
N> WX X X X X X X X
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Fit parameters

init RC sing. x° per data point parameters

cdt. schm | logs Ored Ofed Fi Ro[fm] | Qo[GeV] Ca p
GBW | small | yes 1.135 | 0.552 | 0.596 | 0.699 0.428 2.358 | 2.802
GBW | fac yes 1.262 | 0.626 | 0.602 | 0.671 0.460 0.479 | 1.148
rcMV | small | yes 1.126 | 0.565 | 0.592 | 0.707 0.633 2.586 | 0.807
rcMV | fac yes 1.228 | 0.647 | 0.594 | 0.677 0.621 0.504 | 0.541
GBW | small | no 1.121 | 0.597 | 0.597 0.716 0.414 6.428 | 4.000
GBW | fac no 1.164 | 0.609 | 0.594 | 0.697 0.429 1.195 | 4.000
rcMV | small | no 1.093 | 0.539 | 0.594 | 0.718 0.647 7.012 | 1.061
rcMV | fac no 1.132 | 0.550 | 0.591 | 0.699 0.604 1.295 | 0.820
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High Q>

init RC sing. X2 /npts for Q2.

cdt. schm | logs 50 100 200 400
GBW | small | yes 1.135 | 1.172 | 1.355 | 1.537
GBW | fac yes 1.262 | 1.360 | 1.654 | 1.899
rcMV | small | yes 1.126 | 1.170 | 1.182 | 1.197
rcMV | fac yes 1.228 | 1.304 | 1.377 | 1.421
GBW | small | no 1.121 | 1.131 | 1.317 | 1.487
GBW | fac no 1.164 | 1.203 | 1.421 | 1.622
rcMV | small | no 1.093 | 1.116 | 1.106 | 1.109
rcMV | fac no 1.131 | 1.181 | 1.171 | 1.171
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